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Vibration sensing and control of rotating beams using piezoelectric materials subjected to 
thermal loads are considered in this thesis. Thermal loads are important in many applications 
such as turbo-machinery, where thermal effects should be imposed on rotating blades/beams 
in addition to other mechanical effects. Thermal effects are imposed on turbine blades, which 
are assumed to be mounted with piezoelectric patches for vibration sensing and control. 
Effects of the temperature field on the piezoelectric media are treated through the 
phenomenon of thermopiezoelectricity where electrical, mechanical, and thermal fields are 
all coupled. First, static beams/plates are considered without control in order to analyze 
temperature distribution for a beam along its thickness due to a uniform heat flux, followed 
by the lateral vibrations of the beam caused by the temperature gradients; using the finite 
element method and analytical equations for comparison purposes. The well-known finite 
element package ANSYS is utilized to implement the finite element method in all cases. The 
analytically and finite element approaches for both the temperature distribution and lateral 
vibrations of the beam have resulted in almost identical solutions. After that, the rotating 
blades bonded with piezoelectric materials are then analyzed for sensing and control of 
thermally-induced vibrations. The attenuation of rotating blade responses (vibrations) due to 
thermal loads are investigated through an appropriate control laws. Resulting voltages are 
confined to a maximum voltage of 500 V per mm of the PZT layer thickness and 
temperatures to values much less than the Curie point of 365oC for proper functioning of 
piezoelectric elements. 
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 يهخص انرسانة
 انكايمالاسى  أحًذ شعجبٌ عًش : 
سزشعبس ٔانزحكى ثبْزضاصاد انعٕاسض انذٔاسح رحذ رأثٍش عتء حشاسي ثئسزخذاو انًٕاد الا : 
 راد انكٓشثبء الإجٓبدٌخ
 عنىاٌ انرسانة
 انتخصص انُٓذسخ انًٍكبٍَكٍخ : 
 ْـ1437 شعجبٌ : 
 
 تاريخ انذرجة انعهًية
سزخذاو انًٕاد راد انكٓشثبء الإجٓبدٌخ رحذ رأثٍش ئانذٔاسح ثسٕف ٌزى انزشكٍض عهى اسزشعبس الاْزضاصاد ٔانزحكى ثبنعٕاسض 
عتء حشاسي فً ْزِ انذساسخ. فً انجذاٌخ، سززى دساسخ ٔرحهٍم اْزضاصد انعٕساسض انثبثزخ انًسزحثخ حشاسًٌب، حٍث سٍزى 
لذ. سٍزى دساسخ انعتء انحشاسي عهى غٕل انعبسظخ يًب سٍؤدي إنى اْزضاصاد جبَجٍخ ثسجت رغٍٍش انحشاسح يع انٕ رطجٍك
سزخذاو غشق انعُبصش ئٔحسبة اَزشبس ٔرٕصٌع كم يٍ انحشاسح ٔالإصاحخ فً انعبسظخ عٍ غشٌك انًعبدلاد انزحهٍهٍخ ٔث
انًُزٍٓخ. انًعبدلاد انزحهٍهٍخ سزكٌٕ يجٍُخ عهى رٕظٍف َظشٌخ انزٕصٍم انحشاسي َٔظشٌخ "دانًٍجٍشد" نحسبة اَزشبس ٔرٕصٌع 
سزفبدح يٍ غشٌك انعُبصش انًُزٍٓخ نحسبة َفس انُزبئج عٍ غشٌك انزحهٍم ٍٍ ثزغٍش انٕلذ. سززى الإانحشاسح ٔالإصاحخ انًشرجط
انحشاسي ٔالإَشبئً انٕلزً. سززى يمبسَخ انُزبئج انًسزخشجخ عٍ غشٌك الأسبنٍت انزحهٍهٍخ ٔغشق انعُبصش انًُزٍٓخ ثجعط 
د الاْزضاصا ٔرحهٍم نذساسخ SYSNAة انًعشٔف ًُزٍٓخان انعُبصش غشق ثشَبيج اسزخذاو سٍزى نغشض انزأكذ يٍ صحزٓب.
 انحشاسح يٍ نكم انًُزٍٓخ انعُبصش ٔغشق انزحهٍهٍخ الأسبنٍت غشٌك عٍ انًسزخشجخ انُزبئج .دٔاسح نعبسظخ حشاسًٌب انًسزحثخ
 انًهزصمخ الإجٓبدٌخ انكٓشثبء راد انًبدح عهى انجبَجٍخ انعبسظخ اْزضاصاد فشض سٍزى .رمشٌجًب يزطبثمخ انعبسظخ فً ٔالإصاحخ
سٍزى اسزشعبس اْزضاصاد انعشظخ انذٔاسح  سزشعبس ثبلاْزضاصاد ٔانزحكى ثٓب فً انجضء انثبًَ يٍ ْزِ انذساسخ،ثبنعبسظخ نلإ
 سزخذاو غجمخ يٍ انًٕاد راد الإجٓبدٌخ يشرجطخ ثسطح انعبسظخ انذٔاسح. سٍزى دساسخ ٔفحص رخفٍفبٔانزحكى ثٓب أًٌعب ث
 انعبسظخ انثبثزخ ٔانعبسظخ انذٔاسح رحذ رأثٍش عتء حشاسي سٍزى عٍ غشٌك لٕاٍٍَ رحكى يُبسجخ ٔيلائًخ.الاْزضاصاد فً 
 سًك يٍ يهى نكم فٕنذ 005 عهى يمزصش انُبرج انجٓذ فشق أٌ أٔجذد انًُزٍٓخ انعُبصش غشق غشٌك عٍ انًسزخشجخ انُزبئج
 فً انًزسججخ انحشاسح دسجخ ًْٔ يئٌٕخ دسجخ 563 يٍ ثكثٍش ألم ححشاس دسجبد إنى إظبفخ الإجٓبدٌخ انكٓشثبء راد انًٕاد غجمخ
 .عهٍّ انجشُْخ ٌجت كبٌ يب ْٔزا ثعذْب صبنحخ غٍش رصجح حٍث الإجٓبدٌخ انكٓشثبء راد انًٕاد خصبئص رغٍٍش
 درجة انًاجستير في انعهىو
 جايعة انًهك فهذ نهبترول وانًعادٌ
 انظهراٌ، انًًهكة انعربية انسعىدية
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CHAPTER 1 
INTRODUCTION  
 
Thermal analysis for temperatures, stresses, and/or displacements has always been 
a focus of interest in scientific communities due to involvement of thermal field in vastly 
different areas [1]. In particular to thermally-induced vibrations, some examples include 
applications of high temperatures and heat in turbo machinery to produce power. 
Beams are basic, but important structural elements, because many systems can be 
simply modeled as such. Hence, they have been the subject of many investigations in 
various mechanical and structural studies; a robot arm, a turbine blade, and an airplane 
wing can be modeled as a beam, to name a few [2]. 
Thermopiezoelectric or piezothermoelastic materials can be used in vibration 
sensing and control because of the thermopiezoelectric phenomenon, which couples 
thermal, mechanical, and electrical fields together. Hence, these materials have found 
many applications in robotics, aerospace, turbomachinery, microelectromechanical 
systems (MEMS), etc. [3]. 
The finite element method (FEM) is a robust numerical approach used in the 
analysis of many modern systems. It divides a system into small parts, called finite 
elements, and then assembles them to solve for temperatures, displacements. etc., on the 
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global system. The solution is then post-processed to obtain dependent variables such as 
strains and stresses. 
1.1 LITERATURE REVIEW 
In 1880, two French physicist brothers, Jacques and Pierre Curie were the first 
who discovered the piezoelectric effect [4], [5]. Piezoelectricity basically defines a 
relationship between electric and mechanical stress/strain fields in certain materials [6]. 
Specially shaped crystals of natural minerals, quartz in particular, were originally used. 
Nowadays, there are several piezoelectric materials used in various applications 
including: Lead Zirconate Titanate (PZT), Aluminum Nitride (AIN), Zinc Oxide (ZnO), 
Quartz (SiO2), Poly-Vinylidene Fluoride (PVDF) and others [7]. The manufactured 
ceramics are the most commonly used piezoelectric materials such as Ceramic B, PZT-2, 
PZT-4, PZT-5A, PZT-5H, etc., due to their special characteristics, and the piezoelectric 
materials. The piezoceramics are used as either sensors or actuators [8]. 
Adaptive structures using piezoelectric materials are usually called smart 
structures. The piezoelectric materials have been utilized extensively in precision control 
of dynamical systems. Using piezoelectric materials in active control applications has 
proved that they are very good in sensing and controlling to reduce vibration and 
counteract any undesired disturbance.  
 Thermally induced vibrations of internally heated beams were analyzed by 
Murozono [9]. Theoretical and experimental results were obtained and compared. 
Composite beams with interlayer slip operating under thermal loads were examined by 
Adam et al [10]. The resulting boundary value problem was solved using a mixed closed 
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form and truncated modal series procedure for the quasi-static and complementary 
dynamic portions. Structural vibrations due to thermal loads were controlled via 
piezoelectric pulses by Tauchert and Ashida [11]. Al-Bedoor et al [12] developed a 
technique for blade vibration measurements in turbo-machinery and jet engines. 
Active vibration control of a cantilever beam with a pair of piezoceramic patches 
was considered by Vasques and Rodrigues [13] where they analyzed velocity response of 
the beam to a harmonic excitation and an initial displacement field. Sunar and Al-Bedoor 
[2] investigated the usability of a piezoceramic (PZT) sensor placed in the root of a 
stationary cantilever beam for measuring structural vibrations during both the transient 
and steady-state phases. 
 In another study, free and forced vibration of a laminated variable thickness FGM 
Timoshenko beam under heat effects was investigated by Xiang and Yang [14]. The 
beam was imposed upon one dimensional steady heat in its thickness direction and 
Lagrange interpolation polynomials were utilized as a numerical tool to solve the 
resulting thermo elastic and dynamic equations. Dynamical response of a cylindrical rod 
subjected to a non-uniform heat was analyzed by Bertarelli et al [15] through analytical 
and experimental means. The applied heat causes fast temperature increase in the rod 
producing longitudinal and flexural vibrations in return. A lightweight piezocomposite 
actuator was used by Suhariyono et al [16] to attenuate vibrations of a cantilever 
aluminum beam. A digital PID control process was implemented in the active vibration 
suppression system. 
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The study of a cantilever beam with a piezoceramic actuator and sensor through a 
pole placement control of multimodal vibration suppression was presented by Sethi and 
Song [17]. The spectral element model for the axially moving plates subjected to thermal 
loadings was developed by Lee and Kwon [18]. Numerical results revealed that dynamic 
response of the spectral element model for an axially moving uniform plate neglecting its 
length and considering the plate as one finite element component was very accurate. 
Vibration and stability studies of a composite beam under thermal and magnetic fields 
were undertaken by Wu [19] where various results including those displaying phenomena 
of beats and resonance were shown.  
 Formulation for analyzing piezothermoelastic fibers compound shell design with 
attested actuators and piezoelectric sensors was developed by Roy et al developed [20]. A 
simply-supported beam subjected to step heat input, sudden heating and dynamic stresses 
was studied by Marakala et al [21]. They used the finite element method for the solution 
to thermally induced vibrations. They found out that the displacement increases while the 
frequency of oscillation decreases. Displacement control of a compound cylinder 
comprising of a thermoelastic inner layer in touch with the outer layer was considered by 
Tauchert and Howard [22]. Voltage was applied to the outer surface of the cylinder in 
order to repress the thermally-induced radial displacement. 
An Euler-Bernoulli beam of large rotation was analyzed by Shen et al [23] for the 
coupled effects of thermal and structural loads. Thermally induced vibration of a 
cantilever beam was studied by Kidawa-Kukla [24] with an assumption of the surface of 
the beam acting as a periodically time-varying heat source. Thermal stresses produced by 
the changing of the beam temperature led to displacements in the beam. 
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 Thermal impact on dynamics of a damped cantilever Timoshenko beam of 
temperature-dependent elastic modulus was analyzed theoretically by Gu et al [25]. 
Temperature gradient induced thermal force that helped to determine the thermal effect.  
Malgaca et al studied the control behaviors of rotating blades vibrations through 
piezoelectric materials at the root [26]. Smart materials were used by Kerboua et al [27] 
to reduce and control the vibration of cantilever beams. Optimal design and location of 
piezoelectric transducers were studied by applying the finite element method. Romaszko 
et al [28] analyzed forced vibrations of a homogeneous cantilever beam subjected to 
kinematic excitation with a moving holder via the application of a vision method. 
 
1.2 OBJECTIVES 
 The main objective of this thesis is the sensing and control of thermally generated 
responses of stationary and rotating beams by the use of piezoelectric materials. This 
study is important for mechanical/structural elements subjected to heat loads that cannot 
be ignored. These heat inputs alone may result in thermally induced vibrations or may 
add up to already existing mechanical vibrations from other sources. Monitoring and 
controlling vibrations due to thermal and other effects are very important for the safe 
functioning of industrial systems operating under various disturbances. 
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1.3 LAYOUT OF THESIS 
In the first part of this thesis in chapter 2, simply supported and cantilever 
stationary blades (beams/plates) are subjected to the step load of uniform heat, resulting 
in time varying temperature and displacement fields in the blade. Temperature and lateral 
displacement fields are computed analytically then by finite element methods. Analytical 
and finite element results are analyzed and compared with each other for verification. 
Lateral displacements of the blade are then sensed and controlled by piezoelectric 
materials bonded to the beam through a feedback control scheme. 
In the second part of the thesis in chapters 3 and chapter 4, the cantilever blade 
mounted with piezoelectric materials is given rotation and then the rotating system is 
considered for thermally induced vibration sensing and control. The feedback controller 
designed for the stationary blade is used for the rotating blade control with some 
feedback gain modifications.   
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CHAPTER 2 
THERMALLY-INDUCED VIBRATION ANALYSIS FOR 
STATIONARY BLADES 
 
In this chapter, analytical solution of Fourier heat conduction equation given 
below is presented and solved for temperature distribution in a beam (blade) due to a 
thermal load. The resulting temperature distribution is used to obtain lateral 
displacements of the beam by employing the beam deflection equation provided in the 
following section. The same beam is also modeled by ANSYS finite element program via 
transient thermal analysis and solved for temperature, which is utilized through transient 
structural analysis to obtain lateral displacements of the beam. The analytical and finite 
element results are then assessed and compared with each other. 
 
2.1 Analytical Method 
2.1.1 Temperature Distribution 
 The heat conduction is one of three modes by which the heat transfer occurs. For 
an isotropic solid, the heat conduction or diffusion equation is given by [29]: 
 
 (   )     (  )
  
  
 (  )
 (  )
  
 (2.1) 
where: 
k: thermal conductivity (W/mK), 
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2: The gradient vector, 
T: Solid temperature (K), 
Q: Heat input rate per unit volume (W/m
3
), 
: Material density (kg/m3), 
c: Specific heat (J/kg.K), and 
t: time (sec). 
 Equation 2.1 is solved to determine the beam temperature T for various initial and 
boundary conditions. The initial conditions specify the initial temperature distribution of 
the beam, which is taken to be constant for most problems at time zero, i.e. T(x,0) = T∞, 
where, T∞ is the free air stream temperature caused by the beam. As for the boundary 
conditions, there are several cases, one of which is the surface insulation. This case 
requires that there is no heat flux, i.e. qh=0, across the insulated surface along a direction 
of x. This is mathematically expressed as 
  
  
  . While in other cases, there is a presence 
of convective heat transfer, i.e. qh = hc(T- T∞), where hc is the convective heat transfer 
coefficient. This is shown through substituting in the heat conduction law: 
 
      
  
   
 (2.2) 
By using linear Lagrange interpolation function, the finite element equation for 
temperature distribution upon the thickness of the plate when the beam is under effect of 
sudden heating on one side and insulated on other surface is as follows [30]: 
   
 
0
   
   
1 {
  
  
}  
    
 
0
  
  
1 {
  ̇
  ̇
}  
 ̇  
 
2
 
 
3 (2.3) 
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However, for the plate affected by sudden heating on one surface and naturally uniform 
convection on the other sides of the beam is given by 
 
{
  
 
0
   
   
1  [
  
    
]} {
  
  
}  
    
 
0
  
  
1 {
  ̇
  ̇
}
 
 ̇  
 
2
 
 
3       2
 
 
3 
(2.4) 
where T1 and T2 are the nodal temperatures and T∞ is the ambient temperature. The 2
nd
 
vector on the right hand side and 2
nd
 matrix on the left hand side are contributed by 
convection and will be taken into consideration for the last element only. 
The global finite element equation for time dependent temperature distribution has the 
following form: 
      
       
  ̇   ̅ 
  (2.5) 
where      
  is the convection matrix,     
  is the element capacitance matrix, and  ̅ 
  is 
the force vector. Equation 2.5 must be solved for the variation of temperature in time 
domains and space to obtain the temperature distribution which can be calculated and 
solved using the method of finite central difference [31]. 
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The closed form solution for the temperature distribution of the beam is given by [32] 
 
 (   )  
  
 
,  
 
 
(
 
 
 
 
 
)
 
 
 
 
 
 
  
∑
(  )    
    
  
 
   
     (
 
 
 
 
 
)- 
(2.6) 
where y is the vertical distance from the neutral axis of the beam, h is thickness of the 
beam, and τ is a non-dimensional time parameter defined by: 
 
  
  
  
 (2.7) 
The thermal diffusivity κ is given by 
 
  
 
  
 (2.8) 
2.1.2 Thermally-Induced Vibrations of Beams Subjected to External Heat 
Source 
Consider a differential element dx, of a thin beam under the action of external 
forces and thermal loads. Tt and Tb correspond to the temperature on the top and bottom 
surfaces respectively, while F is the shear force and p is the load intensity. The stationary 
beam is assumed to be an isotropic solid with a uniform cross-section lying in the x 
direction. According to [33] the curvature of a uniform beam under the simultaneous 
actions of applied loads and Euler–Bernoulli’s heat input can be expressed as:  
 11 
 
 
       4
   
   
5 (2.9) 
where M is the internal bending moment, MT is the thermal moment which is due to 
temperature gradient across the thickness of the beam, I is the moment of inertia of the 
beam cross section, and v is the lateral displacement in the x direction.  
The thermal moment acts as a forcing function for the beam exposed to heat flux 
on one surface and insulated on the other sides is given as 
 
   ∫           
 
 (2.10) 
where ΔT is the change in the temperature. 
The total thermal moment across the section is found by calculating and summing 
up the thermal moment at uniform intervals from the top to bottom surfaces of the beam. 
There is no temperature variation along the length of the beam, which means that the 
temperature is independent of x, hence, MT = MT (t). 
Differentiating of equation 2.9 twice with respect to x, the resulting expression is 
    
   
 
    
   
 
  
   
4  
   
   
5 (2.11) 
According to D’Alembert’s principle the applied loads will be equated to the negative of 
the inertia force as follows: 
    
   
    4
   
   
5 (2.12) 
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where ρ is the density of the beam, and A is the cross sectional area. 
Using equation 2.12 in equation 2.11 will yield in the governing equation for 
lateral displacement (deflection) of a beam in the transverse direction in the presence of 
thermal moment as 
     
   
   
   
   
   
   
   
 (2.13) 
 For vibrations due to the above thermal load, the stationary beam is assumed to be 
an isotropic solid with a uniform cross-section lying in the x direction. Hence, the 
governing equation for the lateral beam displacement   is expressed as [34]: 
 
(  )
   
   
 (  )
   
   
   
   
   
 (2.14) 
where E is the beam's modulus of elasticity, I is second area-moment, A is cross-sectional 
area,  is mass density, and M is moment caused by thermal effects generated within the 
beam. 
 The solution of this equation again requires initial and boundary conditions for the 
displacement field. The beam is considered to be initially at rest with simply supported 
boundary condition for the previous analytical study. The non-dimensional thermal 
moment is given by 
 
 (   )  
    
       
 (2.15) 
where α is thermal expansion coefficient, and the non-dimensional parameter   is defined 
as the ratio of variable x to length of the beam L 
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 (2.16) 
The non-dimensional lateral deflection V is defined in terms of physical lateral deflection 
  by 
 
 (   )  
    
       
 (2.17) 
Another non-dimensional parameter B is introduced as 
 
  
 
 √ 
(
  
  
)
 
 ⁄
 (2.18) 
where h is the height or thickness of the rectangular beam. 
The non-dimensional lateral deflection is then found as 
 
      ∑
      
    
 
       
*
  
     
          
 ∑
   
     (   ⁄ )                      
       
 
       
+ 
(2.19) 
where Vst is the static non-dimensional deflection solution given by 
    (   )   
  
 
(    ) (2.20) 
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2.1.3 Damping Ratio 
It is sometimes important to determine the damping ratio and damped natural 
frequency fn of systems. To determine the damping ratio of a system, a damped 
oscillation is needed, as shown in Figure 2.1 [35]. 
 
Figure 2.1: Decaying oscillation. 
The fundamental natural frequency fn in Hz is given as 
 
   
 
  
(      √
  
    
) (2.21) 
To find the damping ratio  we measure amplitudes from the rate of decay of the 
oscillation. Therefore, at time t = t1 we calculate the amplitude x1, and at t = t1 + (n – 1)T, 
we calculate the amplitude xn, where T is the period of oscillation. 
We obtain the equation (2.22) below, by having the ratio of the exponential 
multiplying factors at t1 and t1 + T (representing the decay in amplitude from one cycle to 
the next cycle), 
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    (   )
  (   )   (2.22) 
The logarithmic decrement which is the logarithm of the ratio succeeding amplitudes can 
be obtained by: 
  
   
(  
  
  
)  
  
√   
 
(2.23) 
Thus, the damping ratio  is found from 
 
  
 
   .  
  
  
/
√    0
 
   .  
  
  
/1
 
 
(2.24) 
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2.2 Thermally-Induced Vibration Analysis for Stationary Blades 
Modeling 
This section presents models of both the simply-supported and cantilever blades 
(beams) that are subjected to the step load of uniform heat, resulting in time varying 
temperature and displacement fields in the blade. The mathematical model discussed in 
Section 2.1 is coded into a computer program using MATLAB. The beam is simulated 
using the finite element program ANSYS. 
2.2.1 Case 1: Simply-Supported Beam 
In this section, a simply-supported uniform rectangular aluminum beam of length 
L, width b and height h as shown in Figure 2.2 is tested for temperature distribution and 
lateral displacement. A uniform step heat flux of Q = 1.5×10
7
 W/m
2
 is applied on the top 
surface over the edge y= (h/2), and the other surfaces are insulated. 
 
Figure 2.2: Simply-supported rectangular beam subjected to uniform step heat input. 
 The length of the beam is taken as L= 0.254 m. But, the width and thickness 
(height) of the beam are taken such that two values of parameter B are defined in 
 17 
 
equation (2.18) in order to compare the finite element results with the analytical ones as 
in [34]. In one case, the value of B=1 is obtained when the width and height of the beam 
are taken as b=0.0052 m and height h=0.0015686 m, respectively. In the other case, the 
value of B is assumed to be very large (B=∞). The material properties of aluminum beam 
are listed in Table 2.1.  
We tested the beam using ANSYS to solve for temperature distribution followed 
by structural response as shown in Figure 2.3 and Figure 2.4. We used two cases to 
model the beam: in the first, we investigated the finite element’s solid type that used the 
“PLANE183” element type where thermal and structural fields are both coupled; whereas 
in the second case, we used element types “SHELL131” and “SHELL181” which 
represent the thermal field and the structural field, respectively, in order to find the finite 
element’s shell solution. 
 
Figure 2.3: Finite element model for simply supported beam (not to scale). 
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Figure 2.4: Finite element model for simply supported beam in ANSYS. 
Table 2.1: Material properties for aluminum beam. 
Thermal expansion coefficient α (1/K) 22.2×10-6 
Conductivity k (W/mK) 210 
Specific heat c (J/kgK) 904.5 
Density ρ (kg/m3) 2700 
Modulus of Elasticity E (Pa) 7×10
10
 
Poisson’s ratio ν 0.33 
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2.2.2 Case 2: Cantilever Beam 
In this case, a steel cantilever beam (Figure 2.5) is subjected to step uniform heat 
flux input of Q = 1.5×10
7
 W/m
2
 and is tested for temperature distribution and lateral 
displacement. The heat input Q is applied on the top surface (y=h/2) of the beam, while 
the other sides are insulated (convection = 0). The length, width and thickness of the 
beam are taken as L=0.122 m, b=0.0254 m and h=0.001 m, respectively. Material 
properties of the steel beam are listed in Table 2.2. 
 
Figure 2.5: Cantilever beam subjected to uniform step heat input. 
In ANSYS, the cantilever beam is modeled by the structural shell (SHELL181) 
and thermal shell (SHELL131) element for the thermal analysis followed by the 
structural analysis, and is meshed into 180 elements as shown in Figure 2.6 and Figure 
2.7. 
 
Figure 2.6: Finite element model for cantilever shell (not to scale). 
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Figure 2.7: Finite element model for the cantilever shell in ANSYS. 
Table 2.2: Material properties for steel beam. 
Thermal expansion coefficient α (1/K) 10.8×10-6 
Conductivity k (W/mK) 43 
Specific heat c (J/kg.K) 490 
Density ρ (kg/m3) 7800 
Young’s modulus E (Pa) 207×109 
Poisson’s ratio ν 0.3 
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2.3 Results and Discussion 
This section presents and discusses the results obtained for both simply-supported 
and cantilever blades (beams) subjected to the step load of uniform heat, resulting in 
time-varying temperature and displacement fields in the blade. Results by the analytical 
and finite element methods are compared to each other for verification purposes. 
2.3.1 Case 1: Simply-supported Beam 
Figure 2.8 shows temperature distribution results for the analytical and finite 
element methods on the top surface (y=h/2) of the beam. Results are very close to each 
other for all the runs. The maximum temperature reaches around 195
o
C for both methods. 
The effect of thermal load is then analyzed on thermally-induced vibrations of beams 
subjected to uniform step heating. Figure 2.9 depicts lateral displacement results for the 
analytical and 2-D finite element schemes corresponding to B=∞. As seen in the figure, 
inertia forces disappear and only the static solution remains for the deflection. In Figure 
2.10, the lateral displacement of the beam is given for the case when B=1. In both Figure 
2.9 and Figure 2.10, theoretical and finite element displacement results closely match 
with each other. The significance of the inertia effects increases as B becomes smaller. If 
B=0, the beam is prevented from deflecting at all at any time. 
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Figure 2.8: Analytical and FEM results for temperature distribution on the top surface of the 
beam. 
 
Figure 2.9: Lateral displacement of the uniformly heated simply-supported beam for B=∞. 
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Figure 2.10: Lateral displacement of the uniformly heated simply-supported beam for B=1. 
2.3.2 Case 2: Cantilever Beam 
Temperature distribution of the cantilever beam on its top surface is found 
analytically and by finite element methods as shown in Figure 2.11. It is very clear that 
the two results agree with each other very well. Maximum temperature is calculated 
theoretically as 312.2ºC, which is almost matches the temperature of 310.44 ºC obtained 
from ANSYS. In Figure 2.12, thermally-induced tip deflection results are shown for only 
the finite element method due to the absence of the analytical result at this point. But, the 
fundamental natural frequency for cantilever beam is given from equation (2.21), which 
is found in this case to be fn = 55.9 Hz. This value closely matches the approximate 
fundamental frequency of 
 
      
 = 57 Hz in Figure 2.12. 
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Figure 2.11: Comparison of theory and FEM for temperature distribution of cantilever beam on 
the top surface. 
 
Figure 2.12: Thermally-induced displacement results from ANSYS at the tip of the cantilever 
beam. 
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CHAPTER 3 
SENSING AND CONTROL OF STATIONARY 
BLAEDES BY PIEZOECTRIC MATERIALS  
 
In this chapter, sensing and control of stationary cantilever blades (beams/plates) 
are carried out using the piezoelectric materials bonded at the root of these blades. First, 
equations of piezoelectricity are presented with material properties of piezoelectricity and 
the effect of temperature on these properties. Then, piezoelectric sensing and control of 
stationary blades is carried out and discussed. 
3.1 Piezoelectricity 
 In this research, the Lead Zirconate Titanate (PZT) is used as the piezoelectric 
material because of its high piezoelectric and dielectric constants. PZT-5A ceramic is 
utilized for piezoelectric sensing and control because of its high resistivity at elevated 
temperatures and hence its high curie point of 365
o
C. A piezoelectric material is modeled 
in ANSYS using the 3-D coupled-field solid element of SOLID5. Material properties of 
PZT-5A are given in Table 3.1. 
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Table 3.1: Material properties of PZT-5A. 
c11 (Pa) 12.035×10
10 
c12 (Pa) 7.518×10
10
 
c13 (Pa) 7.509×10
10
 
c23 (Pa) 7.509×10
10
 
c22 (Pa) 12.035×10
10
 
c33 (Pa) 11.087×10
10
 
c44 (Pa) 2.257×10
10
 
c55 (Pa) 2.105×10
10
 
c66 (Pa) 2.105×10
10
 
e31 (C/m
2
) -5.351 
e33 (C/m
2
) 15.783 
e15 (C/m
2
) 12.295 
ε11 (F/m) 1.5×10
-8
 
ε33 (F/m) 1.3×10
-8
 
ρ (kg/m3) 7800 
Curie point (ºC) 365 
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Finite element equations for piezoelectric materials have already been formulated 
in many papers. The quadratic form of a thermodynamic potential (energy density) G 
defined as [36]  
 
  
 
 
     
 
 
          (3.1) 
The vectors of dielectric and mechanical stress describe the general form of the 
linear, quasi-static piezoelectric medium equations written as in [37] and [42]:  
 
  
  
  
       (3.2) 
 
   
  
  
        (3.3) 
For thermopiezoelectricity (piezoelectricity including thermal field), the linear 
theory assumes a quasi-static motion, which indicates that electrical, thermal, and 
mechanical forces are equilibrated at any instant. Linear equations of 
thermopiezoelectricity are written as in [36]: 
                (3.4) 
   [  ]
 
           (3.5) 
   *  +   *  +      (3.6) 
In the above equations, superscripts denote corresponding constant fields, e.g.     
stands for the elasticity matrix at constant electric field and temperature, etc, while 
superscript t denotes the matrix transpose. 
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where: 
T: Vectors of mechanical stress. 
D: Vectors of charge per unit area (electric displacement). 
S: Vectors of mechanical strain. 
E: Vectors of electric field. 
: Coefficients of thermal stress 
P: Coefficients of pyroelectricity. 
d: The matrix of coefficients of direct piezoelectric effect. 
e: The matrix of piezoelectric coefficients 
ε: The matrix of dielectric 
c: The matrix of elastic. 
: Scalar of entropy density, and 
: Scalar of thermal constitutive coefficient. 
The energy functional equation Π, is expressed in order to obtain the dynamic 
piezoelectric equations: 
 
  ∫    
 
∫        ∫ 
       
    
  
∫    
 
 (3.7) 
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where Pb, Ps, Pc,  , and σ denote vectors of body, surface, concentrated forces, electrical 
potential, and surface charge, all in respective order.  
The dynamic coupled equations of piezoelectric medium are solved using the finite 
element method together with Hamilton’s principle defined as in [38]: 
 
 ∫ (    )    
  
  
 (3.8) 
where Ki, the kinetic energy, can be written as: 
 
   ∫
 
 
  ̇  ̇  
 
 (3.9) 
where ρ and  ̇ standing for the mass density and the velocity vector, respectively. Now 
equation 3.8 can be re-written by using equation 3.9 as: 
 
 ∫      ∫       
  
  
  
  
 ∫ ∫    
 
  
  
 ̈     (3.10) 
The virtual change in the potential G found using integration by parts of equation 3.10 
with proper boundary conditions as shown 
              (3.11) 
The finite element modeling approximations, for the mechanical displacement and 
electrical potential in general form, are written as 
          (3.12) 
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          (3.13) 
where uel, ϕel, ui, ϕi, Nu, and Nυ stand for the displacement vector, the electrical potential 
pertaining to the finite element, the nodal displacement, and electrical potential vectors, 
and the shape function matrices for both the displacement and electrical fields, all in 
respective order. Subscripts el and i indicate the finite element and nodes of the element. 
The following relations for mechanical strain and electrical field in the piezoelectric 
medium are expressed as in [37]: 
           ,    -        (3.14) 
            ,   -         (3.15) 
Where Lu and   stand for differential operator matrix and gradient vector, which are 
expressed as 
 
   
[
 
 
 
 
 
 
 
  
 
 
 
  
 
  
 
  ]
 
 
 
 
 
 
 (3.16) 
 
  
[
 
 
 
 
  
 
  ]
 
 
 
 (3.17) 
The dynamic coupled ordinary differential equations of piezoelectric medium was found 
by substituting finite element approximations represented in equations 3.12 and 3.13 in 
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equations 3.14 and 3.15, then substituting these in turn in equations 3.7 and 3.9 in the 
generalized Hamilton’s principle given in equation 3.8. This yields the following: 
     ̈              (3.18) 
              (3.19) 
The finite element matrices and vectors in equations 3.18 and 3.19 are computed as 
follows 
 ,   -   ∫      
        
, ,   -   ∫   
           
 
 
(3.20) 
 
 
,   -   ,   -  
 
 ∫   
        
   
 
 
    ∫   
         ∫   
           
      
     
 
 
       ∫   
      
   
 
Where Gc is the applied charge vectors, this discusses in the following sections as PZT 
actuator input Va for the purpose of control. 
From the ANSI (IEEE) standards given in [39], the constitutive matrices for 
piezoelectric materials are as in the following three matrices: 
1. The piezoelectric relative permittivity (dielectric property matrix with constant 
strain) matrix: 
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   [
     
     
     
]   ⁄  (3.6) 
2. The piezoelectric elastic property matrix with constant electric field (stiffness 
matrix): 
 
   
[
 
 
 
 
 
            
            
            
        
        
        ]
 
 
 
 
 
     (3.7) 
3. The piezoelectric strain coefficient matrix: 
 
  
[
 
 
 
 
 
     
     
     
     
     
   ]
 
 
 
 
 
     (3.8) 
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3.1.1 Effect of Temperature on Piezoelectric Properties 
Temperature can affect the material properties of piezoelectric sensors made of 
PZT-5A such as thermal expansion coefficient and dielectric permittivity. If this effect is 
neglected, data obtained from piezoelectric sensors may not accurately represent the 
actual behavior of the structure. 
Thermal Expansion Coefficient 
The thermal expansion coefficient α of PZT-5A will change as the temperature 
increases from 0 ºC to 200 ºC as shown below in Table 3.2 [40]. 
Table 3.2: Thermal expansion coefficient α of PZT-5A in 1/K. 
Temperature ºC 0 50 100 150 200 
αx 1×10
-6
 1.4×10
-6
 2×10
-6
 2.7×10
-6
 3.3×10
-6
 
αy 1×10
-6
 1.4×10
-6
 2×10
-6
 2.7×10
-6
 3.3×10
-6
 
αz 4×10
-6
 4×10
-6
 3×10
-6
 1×10
-6
 1.6×10
-6
 
Dielectric Permittivity 
The dielectric permittivity in constant strain (εS) of PZT-5A changes roughly in a 
linear fashion with temperature. Raising the temperature from 0 ºC to 200 ºC increases 
the dielectric permittivity by almost 50% as seen below in Table 3.3 [41]. 
Table 3.3: Dielectric permittivity εS of PZT-5A in (F/m). 
Temperature ºC 0 50 100 150 200 
εx 8.11×10
-9
 9.86×10
-9
 11.6×10
-9
 11.9×10
-9
 12.2×10
-9
 
εy 8.11×10
-9
 9.86×10
-9
 11.6×10
-9
 11.9×10
-9
 12.2×10
-9
 
εz 7.35×10
-9
 8.26×10
-9
 9.175×10
-9
 10.09×10
-9
 11×10
-9
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3.2 Piezoelectric Sensing of Stationary Blades 
 The cantilever beam considered in Chapter 2, is now mounted with piezoelectric 
patches of PZT-5A on its bottom and top surfaces at its root as shown in Figure 3.1. Just 
as in Section 2.2.2, the length, width and thickness (height) of the steel beam are taken as 
L=0.122 m, b=0.02525 m, and h=0.001 m. As for the two PZT layers, the length, width 
and thickness are assumed to be L=0.012625 m, b=0.02525 m, and h=0.001 m. Material 
properties for the steel beam and PZT-5A are listed before in Table 2.2 and Table 3.1, 
respectively. 
 
Figure 3.1: Cantilever plate with piezoelectric (PZT) layers (not to scale). 
 The system of cantilever plate with upper and lower PZT layers is tested for 
temperature distribution and lateral displacement in cantilever plate, and voltage in lower 
PZT layer. As shown in Figure 3.1, the system of the cantilever blade together with the 
upper and the lower PZT layers is fixed at its end edge for translations and rotations. 
A step heat input of Q = 1×10
6
 W/m
2
 is applied on the top surface of the plate and 
PZT layer, while the convection heat transfer of the system is taken to be h = 10 W/m
2
K 
on the remaining surfaces. The PZT layers are grounded at the boundary with the blade 
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for reference. A proportional damping of 2n = 2 (2 fn) = 4  fn = 4 (0.01) 67.31 = 
8.5 is assumed for thermally-induced vibrations. 
 The cantilever plate (blade) and the PZT layers are simulated each in ANSYS 
using the 3-D coupled field solid elements. The blade is modeled using the element 
“SOLID226” where thermal and structural fields are both coupled, while the PZT layers 
are modeled using element type “SOLID5” that couples thermal, structural, and electrical 
fields, respectively. The finite element mesh of the system consisting of the steel plate 
and two PZT-5A layers with the thermal input can be seen in Figure 3.2 and Figure 3.3. 
The finite element mesh of the system has resulted in 600 finite elements and 4,297 nodes 
in total. 
 
 
Figure 3.2: Finite element mesh of the system with thermal load (not to scale). 
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Figure 3.3: Finite element model in ANSYS. 
 The temperature is found for both the plate and PZT layers using the analytical 
(theoretical) method in section 2.1.1 and the finite element method via ANSYS. Figure 
3.4 shows that the temperatures of the plate are very close to each other for both the 
analytical and the finite element methods. This figure indicates that temperature of the 
plate reaches a maximum value of 47.13ºC, which is virtually equal to the temperature 
found theoretically as 47ºC. However, Figure 3.5 shows that the nodal temperature of the 
upper PZT layer climbs to a high value of 193.4ºC at its top-right corner. 
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Figure 3.4: Nodal temperature of the plate. 
 
Figure 3.5: Nodal temperature of the upper PZT layer at the top-right corner. 
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 The thermally-induced vibration of the system subjected to the above temperature 
distribution is now studied for the lateral displacement in the plate and voltage in the PZT 
layers. Both the plate displacement and PZT voltage outputs are also used for the modal 
analysis to determine natural frequencies of the system. Figure 3.6 and Figure 3.7 show 
displacement and voltage responses of the system, whereas Figure 3.8 depicts the FFT 
results of both responses. Figure 3.8 clearly shows that the fundamental lowest natural 
frequency of the system from both the displacement and voltage outputs is 67.31 Hz.  
 
 
Figure 3.6: Tip deflection of the cantilever plate. 
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Figure 3.7: Voltage output at the corner of the PZT layer. 
 
Figure 3.8: Power Spectral Density (PSD) of the plate’s deflection (left) and PZT’s voltage 
(Right). 
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3.3 Piezoelectric Control of Stationary Blades 
 The closed-loop diagram of the 'smart structure' is shown in Figure 3.9. Without 
loss of generality, tip deflection of the cantilever blade, herein called uy, is fed back to the 
feedback control scheme, which multiplies velocity vy of the signal by a negative gain of 
gv and sends it to the summer to compare it against the reference voltage of R found from 
the static analysis. Hence, the feedback voltage Va fed to the piezoelectric actuator 
(bottom PZT layer in Figure 3.2 and Figure 3.3) is given as 
            (3.9) 
The feedback voltage Va is applied to the PZT actuator on its whole bottom surface. As 
mentioned previously, surfaces of both the PZT layers glued on the blade are grounded. 
 
Figure 3.9: Piezoelectric control system for the stationary smart blade. 
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the cantilever plate. As seen clearly in this figure, the piezoelectric feedback control 
scheme forces the vibration of the system to converge to its steady-state in a short period 
of time of about 0.1 sec. As stated in Section 3.2, a proportional damping of 8.5 is 
assumed for thermally-induced vibrations. Figure 3.12 and Figure 3.13, illustrate sensor 
and actuator voltages when the controller is on and off. Vibrations are fast attenuated in 
voltages of both the lower sensor and upper actuator layers.  
Furthermore, figures 3.15 to 3.17 show tip deflection of the cantilever blade, PZT 
sensor and actuator voltages for different values of the feedback gain gv in respective 
order. When gv is zero, there is no control action and hence the actuator voltage is zero 
(Figure 3.17) and the system oscillates with its existing proportional damping (Figure 
3.15 and Figure 3.16). It is clear in these figures that the system converges to its steady-
state faster with increasing gv. Moreover, increasing temperature causes the sensor 
voltage to climb as the time goes on. It is also due to differences in material properties, 
especially in thermal expansion coefficients that resulting thermal stress differences 
between the two materials (steel for the blade and PZT for the piezoelectric layers) make 
them behave in different ways to thermally-induced vibrations. 
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Figure 3.10: Temperature increase on top surface of the cantilever blade. 
 
Figure 3.11: Tip deflection of the cantilever blade. 
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Figure 3.12: PZT sensor voltage of the cantilever blade. 
 
Figure 3.13: PZT actuator voltage of the cantilever blade. 
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Figure 3.14: Power Spectral Density (PSD) of the plate’s deflection (left) and PZT’s voltage (Right). 
 
Figure 3.15: Tip deflection of the cantilever blade with different feedback gains of gv. 
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Figure 3.16: PZT sensor voltages of the cantilever blade with different feedback gains of gv. 
 
Figure 3.17: PZT actuator voltages of the cantilever blade with different feedback gains of gv. 
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Damping ratios () and maximum sensor and actuator voltages (Vsmax and Vamax) 
of the stationary blade with different values of feedback gain are given in Table 3.4, 
which indicates that as the feedback gains increase, control actions increase, whereas 
maximum sensor voltages are kept below the limit of 500 V. 
Table 3.4: Damping ratio (), maximum sensor and actuator voltages (Vsmax and Vamax) of 
stationary blade. 
Rotational Speed (RPM) 0 
gv 0 1000 2000 3000 3750 
𝜁 0.0041 0.0146 0.0244 0.0361 0.0495 
Vsmax (V) 439.229 443.327 445.558 446.979 447.832 
Vamax (V) 0. 001085 54.3882 107.283 158.725 196.376 
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CHAPTER 4 
THERMALLY-INDUCED VIBERATION SENSING 
AND CONTROL FOR ROTATING BLADES  
 
 The rotating blade problem is solved for temperature distribution in this chapter in 
response to the thermal load as defined in Chapter 3. The calculated temperature 
distribution is then imposed on the blade to obtain its lateral displacements. The 
piezoelectric sensing is first considered and is followed by the control action. 
 
4.1 Piezoelectric Sensing of Rotating Blades 
The stationary blade studied in Chapter 3 is now given three different rotational 
speeds, which are: N=1,200, 2,400 and 3,600 rev/min (RPM), or =125.66, 251.3 and 
377 rad/s. The temperature distribution followed by thermally-induced lateral 
displacement and PZT voltage results are shown in Figures 4.1 through 4.9. Fundamental 
natural frequencies are evident in FFT plots of the plates tip displacement and PZT’s 
voltage in Figure 4.3, Figure 4.6 and, Figure 4.9, which clearly indicate natural 
frequencies of 68.71, 71.5 and 75.68 Hz at the corresponding speeds of 1,200, 2,400 and 
3,600 RPM, respectively. Hence, fundamental natural frequencies assume higher values 
with increases in rotational speeds. This is due to the combined effects of stress-stiffening 
and spin-softening for rotating blades. The fundamental natural frequencies in PZT 
sensor voltages' responses in Figure 4.3, Figure 4.6 and, Figure 4.9 are dominated by the 
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static response and hence they are not easily distinguishable in FFT plots. However, the 
time plots of the PZT sensor voltages clearly indicate the existence of these natural 
frequencies. 
 
 
Figure 4.1: Tip deflection of the plate at N=1,200 RPM. 
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Figure 4.2: Voltage at the tip of the piezoelectric layer at N=1,200 RPM. 
 
Figure 4.3: FFT of plate’s displacement (left) and PZT’s voltage (right) at N=1,200 RPM. 
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Figure 4.4: Tip deflection of the plate at N=2,400 RPM. 
 
Figure 4.5: Voltage at the tip of the piezoelectric layer at N=2,400 RPM. 
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Figure 4.6: FFT of plate’s displacement (left) and PZT’s voltage (right) at N=2,400 RPM. 
 
Figure 4.7: Tip deflection of the plate at N=3,600 RPM. 
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Figure 4.8: Voltage at the tip of the piezoelectric layer at N=3,600 RPM. 
 
Figure 4.9: FFT of plate’s displacement (left) and PZT’s voltage (right) at N=3,600 RPM. 
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4.2 Piezoelectric Control of Rotating Blades 
Responses for the cantilever plate at rotational speeds of 1200, 2400 and 3600 
RPM with the control actions are solved for the blade displacement, sensor and actuator 
voltages. 
Results for both open and closed-loop responses shown in Figures 4.11 through 
4.22 for the noted rotational speeds indicate good performance of control actions because 
of less overshoot and settling time in closed-loop behavior. In all these results, the value 
of the negative feedback gv is taken as 3,750 for the maximum control performance. 
Figure 4.10 shows the temperature increase plot at the top-right corner of the upper PZT 
layer (sensor) onto which the thermal load of Q = 1x10
6
 W/m
2
 is applied. Neither the 
control action nor the rotation rate makes any difference for the temperature distribution, 
which reaches a maximum value of 193.4
o
C at the end of the control period. This 
maximum temperature is much less than the Curie point of PZT-5A that is noted as 
365
o
C in Table 3.1.  
Figure 4.11, Figure 4.15, and Figure 4.19 depict the vertical tip displacement of 
the blade at the middle node. As shown clearly in these figures, the response of the open-
loop system decays to approach the steady-state after a certain time because of the 
proportional damping of the system. However, the closed-loop response decays 
asymptotically into the steady state in order to settle down faster. The sensor voltages are 
shown in Figure 4.12, Figure 4.16 and Figure 4.20, which illustrate oscillations with 
increasing static voltage values due to differences in material properties between the 
blade and piezoelectric layers. Figure 4.13, Figure 4.17 and Figure 4.21 show actuator 
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voltages with and without control actions at different speeds, which indicate fast 
convergence to zero after the control is over. Figure 4.14, Figure 4.18 and Figure 4.22 
give results for the FFT plots showing increasing trends of fundamental natural 
frequencies as the speeds increase due to spin-softening and stress-stiffening effects. 
These natural frequencies are easy to distinguish in tip deflection plots, but not in sensor 
voltages, due to dominance of static voltages as the time progresses. 
Table 4.1 lists changes in fundamental natural frequencies of fn at the above-
mentioned speeds with and without control actions. This table indicates small increases in 
these frequencies for the closed-loop system due to slight modification of system 
matrices resulting from the feedback control scheme. The following tables, Tables 4.2 
through 4.4, list results for the damping ratios () which is calculated from equation 2.24, 
maximum sensor and actuator voltages (Vsmax and Vamax) at different speeds of N and 
feedback gains of gv. It is important to note in these tables that the maximum sensor and 
actuator voltages are kept within the limits of 500 V per mm of the PZT layer thickness. 
The voltage and temperature limits are crucial for the piezoelectric materials to retain 
their properties in order to function as sensors and actuators. As expected, damping ratios 
and maximum actuator voltages given in Tables 4.2 to 4.4 indicate increasing values as 
the feedback gains increase, and hence control actions increase, whereas maximum 
sensor voltages are kept below the limit of around 500 V in all cases. If found excessive, 
the amount of this maximum voltage could be reduced to a smaller value by tuning the 
feedback gain to a lower level. 
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Figure 4.10: Temperature increase of the upper PZT layer (sensor) at the top-right corner. 
 
Figure 4.11: Tip deflection of the cantilever blade at N=1,200 RPM. 
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Figure 4.12: PZT sensor voltage of the cantilever blade at N=1,200 RPM. 
 
Figure 4.13: PZT actuator voltage of the cantilever blade at N=1,200 RPM. 
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Figure 4.14: FFT of plate’s displacement (left) and PZT’s voltage (right) at N=1,200 RPM. 
 
Figure 4.15: Tip deflection of the cantilever blade at N=2,400 RPM. 
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Figure 4.16: PZT sensor voltage of the cantilever blade at N=2,400 RPM. 
 
Figure 4.17: PZT actuator voltage of the cantilever blade at N=2,400 RPM. 
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Figure 4.18: FFT of plate’s displacement (left) and PZT’s voltage (right) at N=2,400 RPM. 
 
Figure 4.19: Tip deflection of the cantilever blade at N=3,600 RPM. 
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Figure 4.20: PZT sensor voltage of the cantilever blade at N=3,600 RPM. 
 
Figure 4.21: PZT actuator voltage of the cantilever blade at N=3,600 RPM. 
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Figure 4.22: FFT of plate’s displacement (left) and PZT’s voltage (right) at N=3,600 RPM. 
 
Table 4.1: Natural frequencies of the blade before and after control actions. 
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Table 4.2: Damping ratio (), maximum sensor and actuator voltages (Vsmax and Vamax) at N=1,200 
RPM. 
gv 0 1000 2000 3000 3750 
 0.0054 0.017 0.0246 0.0368 0.0498 
Vsmax (V) 453.091 456.661 458.436 459.489 460.053 
Vamax (V) 0.001085 59.4144 117.192 173.377 214.495 
 
Table 4.3: Damping ratio (), maximum sensor and actuator voltages (Vsmax and Vamax) at N=2,400 
RPM. 
gv 0 1000 2000 3000 3750 
 0.0067 0.0174 0.0281 0.0406 0.0550 
Vsmax (V) 502.727 496.877 494.274 492.955 492.361 
Vamax (V) 0. 001085 83.0918 164.154 243.229 301.257 
 
Table 4.4: Damping ratio (), maximum sensor and actuator voltages (Vsmax and Vamax) at N=3,600 
RPM. 
gv 0 1000 2000 3000 3750 
 0.101 0.0195 0.0322 0.0468 0.0579 
Vsmax (V) 557.250 555.522 554.208 553.752 553.682 
Vamax (V) 0.001085 130.326 257.709 382.203 473.71 
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CHAPTER 5 
CONCLUSIONS AND FUTURE WORK 
 
5.1 Conclusions 
 Thermally-induced vibration sensing and control of blades are considered in this 
thesis work. Temperature distribution is first analyzed for a simply-supported beam along 
its thickness due to a uniform heat flux, followed by the lateral vibrations of the beam 
caused by the temperature gradients over the thickness. This well-known problem is 
solved analytically for the purpose of verifying of the finite element method through the 
ANSYS program. Both the temperature distribution and lateral vibrations of the beam 
agree with each other well using the analytical and finite element approaches. 
 A cantilever blade problem is considered next for the thermally-induced 
vibrations, because blades of turbo-machinery are best modeled as cantilevered beams, 
plates and/or shells. The cantilever beam problem is again checked against the analytical 
method for its temperature distribution solution obtained by the finite element method. 
The two methods have resulted in almost identical solutions. Finite element results of 
thermally-induced vibrations of the blade are also verified by the analytical solutions 
available in the literature for the first fundamental natural frequency of the cantilever 
blade. 
 The cantilever blade is then mounted with a PZT-5A piezoelectric sensor and 
actuator at its fixed root for sensing and actuation. Constant heat flux is applied from the 
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upper surfaces of both the PZT sensor and the blade, while the other surfaces are assumed 
to have natural heat convection to their surroundings. Resulting voltages are confined to a 
maximum voltage of 500 V per mm of the PZT layer thickness and temperatures to 
values much less than the Curie point of 365
o
C for proper functioning of piezoelectric 
elements. The output voltage of the upper PZT sensor obtained without any control action 
is found to be oscillating with increasing static values and fundamental natural frequency 
of the system. The increasing nature of the output voltage is attributed to differences in 
thermal material properties of the blade and piezoelectric layers. These differences yield 
thermal stresses between the two materials, which in return cause the PZT sensor output 
voltage to climb. 
 The control action is performed by feeding the tip deflection of the blade to the 
PZT actuator after taking its time derivative and then multiplying it by a constant 
negative feedback gain. Both stationary and rotating blades are considered for sensing 
and control. Increasing the amplitude of the feedback gain leads to faster control action 
with less overshoot and settling time, as expected. Damping ratios and maximum actuator 
voltages also increase, but maximum sensor voltages stay around the limit of 500 V. 
 With or without the control of the system, the fundamental natural frequency of 
the system increases as the rotational speed increases due to effects known as spin-
softening and stress-stiffening. The control action applied in this work pushes the closed-
loop natural frequency slightly higher compared with the open-loop due to changes in 
closed-loop system matrices.  
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5.2 Future Work 
The study in this thesis could be followed up by the works listed below: 
a) Other control schemes, in addition to the velocity feedback with constant negative gain 
considered in this work, can be looked into for possibly improved closed-loop behavior. 
b) A system of bigger scale can be taken as rotating machinery with rotating blades and 
their control can be investigated for thermally-induced vibrations. 
c) Various other heat inputs such as impulse or sinusoidal types can be studied both 
analytically and numerically using the finite element method. 
d) Whenever possible and feasible, experimental set-ups would also be useful to further 
verify the results. 
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APPENDIX 
I. PROGRAMING FLOW CHART 
 
 
 
  
Define material 
properties for blade and 
PZT 
Define material 
properties of PZT with 
temperature effects 
 
Model the system 
(FEM) 
 
Apply the boundary 
conditions 
Thermally-induced 
vibration sensing for 
stationary blade 
Thermally-induced 
vibration sensing for 
rotating blade 
 
Apply controller 
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II. PROGRAM EXAMPLE 
CANTILEVER BLADE WITH PZT'S 
Defining material properties: 
! Material properties for the steel blade 
*SET,E,207e9    ! Young's modulus, (N/m2)  
*SET,nu,0.3    ! Poisson's ratio  
*SET,k,43    ! Thermal conductivity, W/(m K)  
*SET,rho,7800   ! Density, kg/(m3) 
*SET,alp,10.8e-6   ! Thermal expansion, (1/Celsius or 1/K)   
*SET,cp,490    ! Specific heat, (J/K)     
!----------------------------------------    
! Thermal properties for PZT 
*SET,k_pzt,1.45   ! PZT Thermal conductivity, W/(m K)  
*SET,cp_pzt,440   ! PZT Specific heat, (J/K)   
*SET,rho,7800   ! Density for PZT, kg/(m3)  
*SET,alpx_t0,1e-6   ! PZT Thermal expansion in x direction, (1/K)   
*SET,alpx_t50,1.4e-6 
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*SET,alpx_t100,2e-6  
*SET,alpx_t150,2.7e-6    
*SET,alpx_t200,3.3e-6    
*SET,alpx_t250,3.9e-6    
*SET,alpy_t0,1e-6   ! PZT Thermal expansion in y direction, (1/K)   
*SET,alpy_t50,1.4e-6 
*SET,alpy_t100,2e-6  
*SET,alpy_t150,2.7e-6    
*SET,alpy_t200,3.3e-6    
*SET,alpy_t250,3.9e-6    
*SET,alpz_t0,4e-6   ! PZT Thermal expansion in z direction, (1/K) 
*SET,alpz_t50,4e-6   
*SET,alpz_t100,3e-6  
*SET,alpz_t150,1e-6  
*SET,alpz_t200,-1.6e-6   
*SET,alpz_t250,-4.2e-6   
*SET,perx_t0,8.110E-9  ! Permittivity in x direction 
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*SET,perx_t50,9.86E-9    
*SET,perx_t100,11.6E-9   
*SET,perx_t150,11.9E-9   
*SET,perx_t200,12.2E-9   
*SET,pery_t0,8.110E-9  ! Permittivity in y direction 
*SET,pery_t50,9.86E-9    
*SET,pery_t100,11.6E-9   
*SET,pery_t150,11.9E-9   
*SET,pery_t200,12.2E-9   
*SET,perz_t0,7.35E-9  ! Permittivity in z direction  
*SET,perz_t50,8.26E-9    
*SET,perz_t100,9.175E-9  
*SET,perz_t150,10.09E-9  
*SET,perz_t200,11E-9 
!----------------------------------------   
! Define piezoelectric strain coefficient matrix table 
tbdata,3,-5.351   ! E31  
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tbdata,6,-5.351                  ! E32  
tbdata,9,15.783                 ! E33  
tbdata,14,12.295                ! E16 piezoelectric constant 
tbdata,16,12.295                 ! E25  
!----------------------------------------   
! Define piezoelectric elastic matrix (Anisotropic) 
tbdata,1,120.35E9,75.18E9,75.09E9  ! D11,D12,D13 
tbdata,7,120.35E9,75.09E9           ! D22,D23 
tbdata,12,110.87E9                  ! D33  
tbdata,16,22.57E9                ! D44 
tbdata,19,21.05E9                   ! D55 
tbdata,21,21.05E9                    ! D66 
Modeling the system (FEM): 
*SET,l1,0.122    ! Length of  blade 
*SET,b1,0.02525   ! Width of blade 
*SET,h1,0.001   ! Height of blade    
*SET,lp,b1/2    ! Length of PZT    
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*SET,hp,1e-3    ! Height of PZT    
*SET,lp1,0.1e-3   ! Location of PZT  
*SET,es,b1/10    ! Mesh size 
Apply the boundary conditions: 
asel,s, , ,     ! Fix boundary conditions for cantilever blade  
asel,a, , ,     ! Fix boundary conditions for PZT   
d,all,ux,0 
d,all,uy,0 
d,all,uz,0 
asel,s, , ,  21    ! Ground Volt PZT nodes 
cp, ,volt,all 
cp, ,temp,all 
*get,nvA,node,0,num,min 
!----------------------------------------    
! Thermal loads 
Tref,t0              ! Set reference temperature  
q0=1e6            ! Heat flux (W/m2)      
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h0=10      ! Heat transfer (convection) coefficient 
Applying the rotational speed: 
nlgeom,on 
OMEGA,,125.66,,1                   ! SPINNING LOAD 
OMEGA,,251.3,,1                   ! SPINNING LOAD 
OMEGA,,377,,1                    ! SPINNING LOAD 
Analysis parameters: 
ts=0.15       ! Analysis time 
gv=0                 ! Max: 3750 for below 500 V 
dss=0.001085        ! Steady state value  
dt=7e-4              ! Time step 
ksi1=0.01           ! Damping ratio 
Applying controller: 
vref=dss 
veln=-(dn-dpn)/dt 
va=vref-gv*((veln+…..)/n)      ! Average feedback 
  
 73 
 
LIST OF ABBREVIATIONS 
MEMS :  Microelectromechanical System 
FGM  :  Functionally Graded Material 
PID  :  Proportional Integral Derivative 
FEM   :  Finite Element Method 
DOF  :   Degrees of Freedom 
PSD   :  Power Spectral Density 
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NOMENCLATURE 
L Length of the beam 
b Width of the beam 
h Height (Thickness) of the beam 
T Temperature 
Q Heat transferred (heat flux) 
 Material density 
c Specific heat 
k Thermal conductivity 
α Thermal expansion 
E Young's modulus (modulus of elasticity) 
ν Poisson’s ratio 
t Time 
τ Nondimensional time 
κ Thermal diffusivity 
A Cross sectional area 
M 
MT 
Internal bending moment 
Thermal moment 
I Moment of inertia 
m Nondimensional thermal moment 
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V Nondimensional deflection 
Vst Static nondimensional deflection 
v Lateral deflection 
D Vector of electrical displacement (charge per unit area) 
T Stress vector 
S Strain vector 
E Vector of the electric field 
e Piezoelectric constant matrix 
ε Dielectric matrix at constant strain 
c Elasticity matrix at constant electric field 
 Coefficients of thermal stress 
P Pyroelectricity 
d Matrices of coefficients of direct piezoelectric effect 
 Scalars of entropy density 
gv Constant feedback gain matrix 
ω Angular velocity 
fn Natural frequency 
 
 
hc 
Damping ratio 
Gradient vector 
Convective heat transfer 
Shear force 
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F 
p 
G 
Π 
Pb 
Ps 
Pc 
ϕ 
σ 
Ki 
Load intensity 
Thermodynamic potential 
Energy functional 
Vectors of body forces 
Vectors of surface forces 
Vectors of concentrated forces 
Electrical potential 
Surface charge 
Kinetic energy 
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